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Abstract. We characterize the space of the so-called planar mixed auto- 
morphic forms of type {v, /i) with respect to an equivariant pair (p, r) as the 
image of the usual automorphic forms by an appropriate transform and we 
investigate some concrete basic spectral properties of a magnetic Schrodinger 
operator acting on them. The associated polynomials constitute classes of 
generalized complex polynomials of Hermite type. 



1. Introduction 

Let Hgy be the Schrodinger operator 

Hgyf -A/ - 2t{dm + {id*e + \e\^ + V)! (1.1) 

on a Riemannian manifold M, where A is the Laplace-Beltarmi operator, i ~ -\/— T, 
6* is a real C°° differential 1-form, y is a real valued C°° function and {■]■) is the 
Hermitian inner product induced from the Riemannian metric. Such operators, for 
both compact or noncompact manifold, arise in many problems both of classical 
mechanics and mathematics and modern mathematical physics; see |15l S] [21 E] 
and references therein. For M being the Euclidean plane = C, being the 



canonical vector potential 9 = iu{zdz — zdz); € M, and V = Q, the operator (1.1 1 
leads to the special Hermite operator 2,^ |17l [18], 

+ (1-2) 



dzdz dz dz 

which describes in physics the quantum behavior of a charged particle confined in 
the plane, under the action of a constant magnetic field. The spectral theory of 
2,^ when acting on the Hilbert space L^(C;dA), of square integrable functions on 
C w.r.t. the usual Lebesgue measure c?A, is well known (see for example jH [13] 
[3] [U [8]). For on the space of Landau automorphic functions of magnitude v, 
a systematic study is recently presented in (9). In this paper, we shall consider 
a special Schrodinger operator acting on the so-called mixed automorphic forms. 
Thus, let T = {AsC;|A| = 1} and consider the semidirect product group 

G = TxC=(g=('" M=:[a,fe]; a £ T, 6 G 



Date: September 30, 2008 
2000 Mathematics Subject Classification: 58C40; 11F03; 32N05; 30C40; 81Q10 
Keywords: Magnetic Schrodinger operator; Planar mixed automorphic functions; Eigenprojector 
kernel; Complex Hermite polynomials. 



2 



A. GHANMI 



operating on C by g ■ z = az + b. Define j"; a G M, to be the automorphic factor 
given by 

r(5,^) = e'^"^(^'«"-''), geG,zeC, (1.3) 
where here and elsewhere Q^z denotes the imaginary part of the complex number z 
and (•, •) denotes the usual hermitian scalar product on C. Also, let F be a given 
uniform lattice in C and (p, r) be an equivariant pair |14l [TOl [1] [12]. That is, p is 
a G-endomorphism and r : C ^ C a smooth compatible mapping such that 

T{g.z) = p{g) ■ t{z) (1.4) 

for every g G G and z e C. Associated to given real numbers ly, p > we perform 
the space A^^'''(C) of mixed F-automorphic forms of type {i^, p) w.r.t (p, r), i.e., the 
space of all C°° complex- valued functions on C satisfying the functional equation 

F{l ■ z) = r''(7, z)r^{p{l).r{z))F{z) (1.5) 

for every 7 £ F and z S C. Such notion of mixed automorphic forms has been 
introduced by Hunt and Meyer [10] and extensively studied by M.H. Lee (see [12] 
and the references therein). It generalizes in fact the one of automorphic forms (take 
for example /i = or let p and r be the identity maps) and appears essentially in 
the context of number theory and algebraic geometry. 

The main aim of this paper is firstly to characterize the space ^A"'^^{<C) and show 
that the two pictures of mixed autmorphic forms and classical automorphic forms 
can be connected by a special transform, and secondly to investigate some con- 
crete spectral properties of the appropriate magnetic Schrodinger operator iyg^ M oi 
corresponding to 

e = 6'^'^(z) i\v{zdz - zdz) + piTdr - rdT)|, (1.6) 
when acting on the free Hilbert space L'^{C;dX) and the space A4^''^(C) of mixed 



automorphic forms (1.5 I. 

This paper is organized as follows. In Section 2, we investigate some standard 
basic properties of the invariant magnetic Schrodinger operator £^''^. In Section 
3, we give a characterization of A^^'^(C) in terms the usual automorphic functions 



(Theorem 3.3 1. Section 4 is devoted to describe the structure of the associated 
eigenspaces in L^(C; d\) and Al^'^(C) for general equivariant map r. The particular 
case of r = r,^ being the one associated the inner G-automorphism p^ (g) :— fjgf)"^; 
f) e G, is considered for illustration. Section 5 deals with a discussion of the derived 
classes of complex polynomials of Hermite type. 

2. The magnetic Schrodinger operator 
Keep notation as in the previous section and set :— (l/4)_ffg^.M g, 

^r^'f ■■=\l-Af- 2zidm-'^) + (id*0'^'^ + K^lAfV (2.1) 



where A is the Euclidean Laplacian on C, 6'^''' is the differential 1-form, (1.6 1, 



e•;'^'{z) liSr'^dz - S!;-^'dz) (2.2) 
with S'^''^ stands for the complex- valued function 

^-(.)^.. + p(.|~.|). (2.3) 
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The main observation of this section is included in the following result. 



Proposition 2.1. The operator 2J^'^ is a Schrodinger operator with constant mag- 
netic field whose the explicit expression in terms of ordinary partial derivatives is 
by 



92 



dzdz 



d_ 
dz 



d_ 
dz 



Moreover, £^'^ satisfies the following supersymmetric relations 

i?^A^^'' + Bj:'^ = £j:'^, and A^^^'i^^ - S^^'^ = £^'^, 
where A^'^ and At'^ are the first order differential operators 

A^'^ = ^ + 5^^-'^ and Af^^-^+W, 
oz oz 

and B!^'^ is the real valued constant given by _B^'^ = i' + ^| — 



(2.4) 



(2.5) 



(2.6) 



9r I 
dz I 



Proof. For general vector potential 9, one can show that the derived magnetic field 
S := ^6* is uniform if and only if 9 and its pullback g*9 by the holomorphic mapping 
z 1-^ g ■ z belong to the same de Rham co-homology group. This is clearly satisfied 
when 9 — 9'^'^, but here we will provide a direct and simple proof. In fact, the 
derived magnetic field is given by B'^''^{z) — —2iB'^'^^{z)dz A dz, where 



(^) 



9t 

dz 



(2.7) 



Next by writing the G-endomorphism p as p{g) — [x{g),ip{g)] G G = T xi C and 
differentiating the equivariant condition T{g- z) — p{g) ■t{z) — x{9)'t{z) +"0(5): '^e 
get 

-[g.z) = x{9){—)^{z) and _(g . z) = x(g)(_)_(z). 

Hence, since (^)x(5) belongs to T, we see that the function z i— > i3^'^(z) is G- 
invariant and therefore is constant on C. 

Now to get the explicit expression of 2,'^'^, let recall first that the adjoint op- 
eration is taken w.r.t. the Hermitian scalar product on compactly supported dif- 
ferential forms (a, (3) := j^a f\ *P, where ★ is the Hodge star operator canonically 
associated with the Euclidean metric of C. Thus, the adjoint d* of d and 9* of 9 
are given respectively by d* = — * and 9* = ■k9 f\ Therefore, one can check by 
direct computation the following 



ii) 
Hi) 



idf\9-n 
d*{9';^^') = 2i 



2i{ 5*:^'^ 



df 



dz 



dz 



dz 



dz 



Note finally that (2.5 1 can be handled by easy direct computation. 



□ 



As immediate consequence of Proposition |2.1| we get the following 
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Lemma 2.2. There exists a real-valued function <p^'^, with (p^'^(O) = 0, such that 
the annihilator and creator operators Al^'^ and Ar'^ can he rewritten as 



dz 
dz 



(2.8) 
(2.9) 



Proof. Since _B^'^ is a constant, one checks that dO':^'^ = d9^^ '' , where 9^-^'^ :— 
iB!^''^{zdz — zdz). Therefore, there exists a function (^r ^ : C ^ C such that 
Qu,fi _ qB^ '^ _|_ (^(^^'A*^ Hence, tpp^ is solution of the following system of first order 
partial differential equations 



dz 



or equivalently 



dz 



= Constant 



(2.10) 



(2.11) 



This assures the existence of solutions of the following first order differential equa- 
tion 

dcf) „ , df _dT, 



oz oz oz 



(2.12) 



and therefore of the one arising from 



dz 



Indeed, solutions of (2.121 are of the form 

(/)(z) = B|z|2+«(^(z) + /l(z), 



(2.13) 



where h is any arbitrary holomorphic function. This finishes the proof by choosing 
/i = and taking ^^'^ := 5R(^ - (/JJ^(O)). □ 

We conclude this section by giving an invariance property for £^''' by the unitary 
transformations T^g'^\ 9 & G, defined by 



[r;'^/](^) j;,v^(.g,z)/(.g.z), 
where J^'^ is the complex valued mapping on G x C given by 

j;:!;{g,z) ■.^r{g,zlf{p{g),T{z)). 
Namely, we assert the following 



(2.14) 
(2.15) 



Proposition 2.3. The magnetic Schrddinger operator £^^^ can be realized in terms 
of the deformed de Rham differential V^'^/ df+ifO'^''' as = (i)(V^^'')* V^^'^. 
Moreover, it satisfies the invariance property 7^'^'^£^'^ = £^'^7^'^'^ for all g Cz G. 
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Proof. We have 

v*v/ - d*df + i[d*ue) - 9*{df)] + 0*{fe) 

= -A - iK(d/) A i^e)) + 9*{df)] + {id*{0) + \0\^)f 
= -A-i*[{df) + Mcdf]+ {id*{6) + \e\^)f 

= -A - 2t{df\0) + {id*{0) + \0\^)f - 4£;:-r 

The second equation follows using the facts d*d — A, d*{f0) = — ★ (d/ A (*0)) + 
/d*(6') and 0*{fe) = \e\^ f , while the third one is due to -k[{df) A {W) +6 h i^df] = 
2 ★ {{df) A {*9)) — {df) A {-k9) which follows from a A ★/? = (3 A -ka, keeping in mind 
that 9 is real, combined with ★(« A -k/3) = {P\a). 

For the invariance property of by the transformations Tg''^, let mention first 
that the differential 1-form 9'^''^ satisfies the following 

= 9-;'^{z) - ^ (2.16) 

This holds by direct computation and the use of the equivariant condition \1A\ . 
Now, using the well known facts g*d = dg* as well as g*{a /\ (3) — g*a /\ g*/3, 
together with the established fact ( 2.16[ l, one obtains 



r;'^(V^'^/) = j;v^(5, z) [g* [id + z9';-^)f] 

= j;V^(5, z) + *[.g*0j:-^] A [5*/]) 

= j;V^(5, z)d[g*f] + d{j;:^{g, z))[g* f] + zj;,v^(g, 

= d( j;,V^(g, z)[g*f]) + t0';'^j;:!^{g, z)[g*f] 

= (d + *c'^)r-^/ = v;:'^(r;-'^/). 

Hence, since Tg'^^ commutes also with (V^'^)* for T^'^ being an unitary transfor- 
mation, we deduce easily from £!^''^ ~ (1/4) V*V that iij^'^ and T^ ^^ commute. This 
ends the proof. □ 

3. A CHARACTERIZATION OF THE SPACE 7W^'^(C) 

Let (j)p'^{g,g') be the real- valued function defined on G x G by 

rp^{g,g') ^[i^{g-' • 0,g' • O) + ^(^(.9^') • 0,p(g') • O)) (3.1) 

and recall that J^;^, in ( |2.15| , is given by Jp'J^{g, z) f{g, z)j''{p{g),T{z)). Then, 
we have 

Lemma 3.1. The mapping J^'^ satisfies the chain rule 

j;:if{gg\ z) = ^^1'ri9.9')ju.,^g^ g' . z)J-.^[g', z). (3.2) 
Proof. For every g,g' £ G and z G C, we have 

j;:!^{gg\z) = f{gg\ z)f{p{gg'),r{z)) = f{gg', z)r{p{g)p{g'),r{z)). 
Next, by applying the fact that the automorphic factor j"(-, •) satisfies 
r (/i/i', w) = e2*"^(''"'-"^'''-") j"(/i, h' ■ w)r{h', w) 
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successively for h ~ g,h' — g' and h — p{g), h! — p{g'), we deduce 

j;:^{gg\z) = e2^*r(f.ff')j-(5,g' . z)r{pig), p{g') ■ T{z))j;;!;{g',z) 
= e^'^^^'^(^'^''r(5,5' • ^)r{p{9),r{g' ■ z)) j;;!^ {g' , z) . 
The last equation follows making use of the equivariant condition ( |1.4| . □ 

According to the above result, the unitary transformations Tg'^; g ^ G, (2.141, 
define a projective representation of the group G on the space of C°° functions 
on C. Therefore, we can check the following statement on the nontriviality of the 
vector space of mixed F-automorphic forms of type (j/, /i), 

X^-^(C) := {f : C ^ C; F(z + 7) = J-;'-^(7, z)F(z)}. (3.3) 

Lemma 3.2. The functional space A1^'''(C) is nontrivial if and only if the real- 
valued function {1/T:)(jfp'^ in (3.1 1 takes integer values on F x F. In this case, 
A4'^''^{C) can be realized as the space of cross sections on a line bundle over the 
complex torus C/F. 



Proof. Making use of (3.2 I and the equivariant condition (1.4 1, the proof can be 
handled along the lines of the proof of [O] Proposition 3.1] (see also Remark 3.3 
there). □ 



Now in order to state the main result of this paper. Theorem |3.3| below, let 
consider the transformation 

[W;'''(/)](z):=e^^5^'"(^)/(z), (3.4) 



where is the real-valued function considered in Lemma 2.2 Then, we have the 
following 



Theorem 3.3. The image o/AlJ^'^(C) by the special transformation (3.4 1 is the 



space of Landau (F, XT)-ciutomorphic functions of magnitude B!^'^ = + p{\^\'^ 



I^P) and multiplier 

Xrh) = exp (2*<'^(7) - 2tp^T{0),p{j)-' ■ O)). 

That is 

W!;^'^{Mr{C)) = {F:C^C; F{z + j)= Xr{l)r'''^"' {% z)F{z)} . 
Proof. We have to prove that W^^^F belongs to 



;^;;(C) := {f-, C-, F(z + 7) = X.(7)J-''^^''(7,^)^W} 



whenever F £ A^^'^(C), where xAl) = exp {2iip';'''{j) - 2ipQ{T{0), p{j)-^ ■ O)). 
Indeed, we have 

[W;''^F](z + 7) := e*'^""(^+'^)F(z + 7) 

= e»'^^"(^+^)j--(7, z)r^(p(7), r(z))F(z) 

^e'(<'"(^+^)-^""(^))r''(7,^)r^(p(7),T(z))[W;'^F](z) 

= x;(^;7)r''^""(7,^)[W;'^^^](z), 

where we have set 
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Thus, we claim 



Claim 3.4. The function Xt is defined by (3.5 I is independent of the variable z. 
Therefore, we get 

W,'>^F\{z + 7) = Xr(7)r''"'"(7, z)Wr''F\{A 
with Xrin) '■— Xt(0; 7)- The proof is completed □ 
Proof of Claim Differentiation of Xt{z;j) w.r.t. variable z gives 



dz 



\ dz 



dz 



(3.6) 



dr 



df , 



^ — (z) - a^, — (z) 
oz az 



where we have set = p{j ^) ■ 0. In the other hand, since 



dz 



dz 



one deduces from (2.101 together with the equivariant condition r(z + 7) = ^(7) 
t{z), the following 



-i^ + V H— (^) 



V dz 



dz 



B^^'^7 + 5^^'^(z)-5?'^(z + 7) 



_dT 



7 o \ / ""7 n ^ 



(3.7) 



Thus from ( |3^ and ( |3?7| , we conclude that ^ 
— 0. This ends the proof of Claim 



dXr 



3.4 



dz 



0. Similarly, one obtains also 

□ 



According to the results of Lemma |3.2| and Theorem |3.3| above together with 
Proposition 2.1 of |9], we deduce easily the following 

Corollary 3.5. The function Xr{l) = cxp (2i(^^''"(7) -2i^3(T(0), ^(7)^^ • O)) sat- 
isfies the pseudo-character property 

Xr{l + i)=e''^^'^''H^^^')xr{l)Xr{l') 



if and only if (l/Tr)^^'^ in (3.1 1 takes integer values on F x F. 



4. On the CONCRETE SPECTRAL THEORY OF £^'^ ON L^(C;dA) AND 7W^'^(C) 

Note first the the spectrum of Z'p^ is purely discrete and consists of infinitely 
degenerate eigenvalues (Landau levels) 



= S(2fc+ 1) - (2fc+ 1)( + m(||^P - 1^1 

dz dz 



0,1,2, 



where we have set B :— _B^'^ for simplicity. This is a well common fact for 
Schrodinger operators with constant magnetic field, see |6l |5] for example. More- 
over, the concrete spectral analysis of £^'^, acting on the free Hilbert space -L^(C; dX), 
can be deduced easily by considering the transformation ( |3.4| , i.e., [yV^''^(/)](z) := 
f(^z). It is an unitary and isometric transformation from the Hilbert space 



s 
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L'^{C;dX) onto itself and intertwines the operators £^''' and £^ as given by (2.4 1 
and ( |1.2[ |, respectively. Precisely, we have 

>V;'^£^^^ = £^W^'^. (4.1) 



This can be checked using (2.81 and (2.91 combined with (2.5 1, or also using the 



geometric realization of £^''^ and £ by writing V^'^ = d + iO'^'^ as V^'^ ~ 
e~*'^'-'^((i + i9^)e^'-f"''^ . Consequently, we state the following result 

Proposition 4.1. Let A^:^(C) {Fei^^^jdA); Z';■^'F ^ EkF] he the l?- 
eigenspace of associated with the eigenvalue Ek = B(2k + 1). 

i) We have the following orthogonal decomposition L'^{C; e^^'^' dX) = ^^'.fe- 
Let 'ip'^''^(z,w) :— ip'^'^{z) — ip'^'^^^w). Then the eigenprojector kernel of A'^]'^ 
satisfies the invariance property 

and is given explicitly by 

TT 

where Lk{x) — Ll{x) denotes the usual Laguerre polynomial. 



Proof. This follows by making use of (4.11 and Proposition 2.2 in 0. In fact, if 



K'^:^{z,w) is a reproducing kernel for then e'^^^- "f^)"*'- w) is a 
reproducing kernel for □ 

The investigation of the spectral properties of £^'^ acting on A^^^''(C) follows 



now easily using Theorem 3.3 together with the fact (4.1 1. Indeed, we have 

where for every fixed positive integer fc = 0, 1,2, • • • , the space (resp. is 
the space of all eigenfunctions of £^'^ (resp. £^) in M':^''^{C) (resp. J^^^^{C)) 
corresponding to the eigenvalue Ek = B{2k + 1), i.e., 

f;-^ := {F e Ai;:'^(C); £^'^i^ = B{2k + 1)F} (4.2) 

and 

£^ -.^ {F e T^^^^iC); £^F = i?(2A: + l)F}. 
Thus, from the dimensional formula established in [9], one obtains the following 

Proposition 4.2. The M'^'^{C)-eigenspaces f^.'^, ( |4.2| , are finite dimensional 
spaces, whose dimension is given explicitly by dim£^.'^ = (2_B^^''/7r)j4rea(C/r). 

For illustration, we consider the particular case of the equivariant map r,^ , 
T^^{z) = i) ■ z, derived from inner G-homomorphism p^^ig) := i)gi)~^; f) = (a,^,/?^) G 



T X C. Thus, by solving Equation (2.101, we get 



Lemma 4.3. The function (^^'^ is given explicitly by (^^'^(z) — ip'^{z) :— — 23(z,^), 
where a = ly + fi Cz R and ^ — i.ia/3 G C. 

Hence, the corresponding magnetic Schrodinger operator acts on the Hilbert space 
L^{C;dX) by 

{[<Jz + ^]^-[az + ^]^_) + \<jz + e=--^, (4.3) 



dzdz dz dz 
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and is unitary equivalent to the twisted Laplacian £°' (1.2 1 



Moreover, J!f'^^ 



reads simply J^^^^^^ (7; z) = e 210-^(2,7; g :!;4!is(5,7;_ Hence, under the assumption 
(t5(7, 7') G ttZ, the space of mixed F-automorphic forms A^^''^(C) is nontrivial and 
reduces to the space ^f,x^(C) := {F; C°°, F(z + 7) = Xi)il)j^'^h, z)F{z)} of 

Landau automorphic functions of weight a with the multiplier Xi){l) = e~^'^^^'^\ 
which here is a character. Hence, one get easily that JFf.j^(C) = W^{J-f.^^{C)) 

= e2*^<^'«>/(zj is the 



which is in accordance with Theorem 



3.3 



Here [W^iMz) 



transformation in (3.4 1. In this case, the previous results (Propositions 4.1 and 4.2 1 
read simply 

Corollary 4.4. Let K'^.f^{z, w) denotes the eigenprojector kernel of the L^-eigenspace 
A^.j. of Z'^ corresponding to the eigenvalue Ek — <T(2fc+l) and E^.^iC) the eigenspace 
associated to Ek- Then, we have 



ofofq in M'^f 
i)Klf^{z + b,w + b) 



i(z-w,b)j^a(^^^^^ /or every z,w,be C. 



Hi) dimf^;^ = {2cr/TT)Area{C/T). 



"I Lk{2a\z - wp) for all z,w e 



5. Suggested polynomials 



According to the supersymmetric relationships (2.5 I, the corresponding eigen 



functions can be generated by iterating the ground states via the creator operator 

- — - - — - m 

At''^ — ~d/dz + St'^ ■ In fact, they are given by Ar'^ to = 0, 1, 2, • • • , where 



^ annihilates A'^'^^. Thus, in view of Lemma 2.2 we see that t/j belongs to the space 



spanned by the functions z"e ^'^1 



0,1,2, 



Therefore, it follows 



that the free eigenspace of corresponding to the eigenvalue E„ 
is generated by the eigenfunctions 



where „ are the complex Hermite polynomials |15l ITT] given through 

d 



B{2m+1) 
(5.1) 



dz 



,-2B\z\' 



Now assume that r is an equivariant map such that i?,- := rAf — tAt = 0. In 
this case, the corresponding (^^''^ is harmonic, for A3((/)) — Aif'p^^ = —i^iRt which 
follows from (2.131 together with the differentiation of both sides of (2.121 with 
respect to z. Hence, we have Lp'^'^ = 29/i = —i{h — h) for some given holomorphic 
function h = /i^-'^. Whence, one can rewrite the annihilator and creator operators 
like 



A'''" 



-B\z\^+h 



and Ar'' 



.B\z\' 



dz^ 



-B\z\^+h 



Therefore, the functions 



1pm% {z) = e 



generate also the free eigenspace of £^''' with E^ as associated eigenvalue, where 
the suggested polynomials G^'n given by 

Qn 



(5.2) 
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This furnish then a class of generaHzed complex Hermite polynomials. Their explicit 
study requires explicit expression of h and therefore of tp':^'^. 

As example of equivariant pairs satisfying Rr = 0, we reconsider (p,^ , r,^ ) for 



which iy9^^^ = (^^ is given by Lemma 4.3 The corresponding polynomials constitute 
a class of generalized complex Hermite polynomials (5^^ „(z, z|^) parameterized by 
£, G C and reduces to the usual complex Hermite polynomials „ when ^ = 0. 
Some related basic properties of (5^^ „(z, z|^) are studied and exposed in [J. 
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